Paired exciton condensate and topological charge-$4e$ composite fermion
  pairing in half-filled quantum Hall bilayers by Zhang, Ya-Hui & Kimchi, Itamar
Paired exciton condensate and topological charge-4e composite fermion pairing in
half-filled quantum Hall bilayers
Ya-Hui Zhang1, ∗ and Itamar Kimchi1, 2
1Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA
2Department of Physics, University of Colorado at Boulder, Boulder, CO 80309, USA
(Dated: October 8, 2018)
Half-filled Landau levels admit the theoretically powerful fermion-vortex duality but longstanding
puzzles remain in their experimental realization as νT = 1 quantum Hall bilayers, further compli-
cated by Zheng et al’s recent numerical discovery of an unknown phase at intermediate layer spacing.
Here we propose that half-filled quantum Hall bilayers (νT = 1) at intermediate values of the in-
terlayer distance d/`B enter a phase with paired exciton condensation. This phase shows signatures
analogous to the condensate of interlayer excitons (electrons bound to opposite-layer holes) well-
known for small d but importantly condenses only exciton pairs. To study it theoretically we derive
an effective Hamiltonian for bosonic excitons bk and show that the single-boson condensate sud-
denly vanishes for d above a critical dc1 ≈ 0.95lB . The nonzero condensation fraction n0 = 〈b(0)〉2
at dc1 suggests that the phase stiffness remains nonzero for a range of d > dc1 via an intermedi-
ate phase of paired-exciton condensation, exhibiting 〈bb〉 6= 0 while 〈b〉 = 0. Motivated by these
results we derive a K-matrix description of the paired exciton condensate’s topological properties
from composite boson theory. The elementary charged excitation is a half meron with 1
4
charge and
fractional self-statistics θs = pi16 . Finally we argue for an equivalent description via the d =∞ limit
through topological charge-4e pairing of composite fermions. We suggest graphene double layers
should access this phase and propose various experimental signatures, including an Ising transition
TIsing below the Berezinskii-Kosterlitz-Thouless transition TBKT at d ∼ dc1.
I. INTRODUCTION
The half filled landau level, long a playground for ex-
otic quantum Hall physics1, has recently enjoyed a resur-
gence of theoretical interest. Perhaps the most remark-
able theoretical connection has been to the newly discov-
ered fermion-vortex field theoretic duality2–5. This dual-
ity has provided an alternate viewpoint on the composite-
Fermi-liquid phase seen experimentally in the spin polar-
ized ν = 1/2 lowest landau level, presenting the compos-
ite fermion that forms this state as the vortex-dual of the
electron2,5.
Though measurable manifestations of the new theories
have been difficult to come by for a single half-filled lan-
dau level, the outlook is much more promising for a pair
of coupled half-filled landau levels, as realized in a bilayer
quantum Hall system. Quantum Hall bilayers6 show in-
teresting behavior as the total filling factor νT = ν1 + ν2
is tuned near the value νT = 1 which corresponds to a
ν1 = ν2 = 1/2 half filled Landau level in each layer.7
When the distance d between the layers is sufficiently
small (compared to the magnetic length `B), νT = 1
bilayers exhibit a sharp peak in the interlayer tunnel-
ing conductance and a vanishing counterflow Hall resis-
tance, providing strong evidence for an exciton conden-
sate phase8,9.10 This phase is simply understood as the
Bose-Einstein Condensation (BEC) of the bosonic exci-
ton bound state of an electron from one layer and a hole
from the other. Interestingly, the conventional signatures
∗ yahuizh@mit.edu
of this phase disappear as the layers are taken farther
apart near d/`B ≈ 2.0. Despite decades of work, this ob-
served behavior with increasing d has not yet found any
commonly accepted interpretation.
Observations of the exciton condensation phase in
quantum well experiments begin at d & 1.5`B . In
d→ 0 limit, exciton condensation is theoretically well es-
tablished through simple Hartree Fock calculation11–13.
In agreement with the theory, the exciton condensation
phase is indeed observed in graphene system in the region
d . 0.8`B14. Given these experimental results, one may
expect that the same exciton condensation phase extends
from small d to d ≈ 2.0`B . The scenario of an extended
exciton condensate phase is further supported by theo-
retical results that the same phase is also the likely fate
of the system in the d→∞ limit15 if disorder is theoret-
ically taken to be much smaller than the small gap.16
Theoretically the exciton condensation phase at small
d can cross over (in a manner similar to the BEC-BCS
crossover) to the inter-layer pairing phase of composite
fermions at large d at least for some Hamiltonians, and
the disappearance of the exciton condensation phase in
the quantum well experiments after d & 2.0`b can be ex-
plained by disorder effects, seemingly consistent with a
single exciton condensate phase spanning the entire d-
dependent phase diagram.
However, recently numerical simulations of realistic
Hamiltonians uncovered evidence against this simple sce-
nario. A DMRG calculation of lowest-landau-level pro-
jected unscreened Coulomb interactions found a level
crossing at a critical d = dc1 with dc1 ≈ 1.1`B and
an ED calculation confirmed the level crossing and fur-
ther showed that the system enters an intermediate phase
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2above d & 1.1`B17. In the intermediate phase, the phase
stiffness for the exciton condensation was seen to remain
finite. However, the single exciton gap (the gap for mov-
ing one electron from one layer to the other layer) was
found to extrapolate to a finite value by finite-size scal-
ing, while the two exciton gap was extrapolated to zero.
There are several theoretical proposals for intermediate
phases in quantum Hall bilayers18–20, but as far as we
are aware, none of these theories are consistent with the
numerical result of Ref. 17.
Motivated by the experimental puzzles together with
the numerical observation in Ref. 17, here we propose a
paired -exciton condensation phase at intermediate d in
νT = 1 quantum Hall bilayers. The proposed paired-
exciton condensate shows experimental signatures analo-
gous to the single exciton condensate and can explain the
existing numerical results by Ref. 17. We describe how
to connect the paired exciton phase to both d → 0 and
d→∞ limits. Studying this phase we find a half-meron
excitation with fractional charge Q = e4 and fractional
self statistics θs = pi16 , which may be further tested by
future numerical simulations. In addition, we argue that
close to d . dc1, there is a finite temperature Ising tran-
sition separating the single exciton condensation (EC)
phase and the paired exciton condensation (PEC) phase
at Tc below the BKT transition at TBKT . Meanwhile
we expect that TBKT shows particular behavior near
d = dc1, with a steep decrease in the value of TBKT but a
slightly positive second derivative ∂2TBKT /∂d2 & 0. The
various predictions can be tested by future experiments
in graphene double layers at larger interlayer distance.
At larger d, we expect a single exciton condensa-
tion phase from the pairing instability of the Composite
Fermion Liquids (CFL) of the two layers15. Therefore
we expect the paired exciton condensation phase is sand-
wiched by two single exciton condensation phases with
two critical point dc1 and dc2. Theoretically both transi-
tions can be continuous. dc1 is associated with superfluid
to paired superfluid transition for composite bosons. We
argue that the transition at dc2 can be understood as
the transition from charge 2e pairing to charge 4e pair-
ing for composite fermions. As we can not determine the
value of dc2, it is also plausible that the observations of
exciton condensation in quantum well experiments arise
from a paired exciton condensation phase rather than
a single exciton phase, and single exciton condensation
would then occur only at smaller layer separations. Set-
tling this question would require experimental data in
the intermediate region; casual readers may skip ahead
to the end of this manuscript, where we give a summary
of experimental signatures of the paired exciton conden-
sate phase.
II. EFFECTIVE THEORY FOR EXCITONS
We consider a bilayer quantum Hall system with num-
ber of electrons N1 = N2 = N = NΦ2 where NΦ is the
number of fluxes. We assume the number of particles
for each layer is separately conserved. Projected to the
Lowest Landau Level (and ignoring any interlayer tunnel-
ing in the Hamiltonian), the Hamiltonian of the problem
arises purely from the Coulomb interaction:
H =
1
2
∑
a,b=1,2
1
(2pi)2
∫
d2qV˜ab(q)ρ˜a(q)ρ˜b(−q) (1)
where a, b are layer indexes.
V˜aa =
1
q
e−
q2
2 (2)
and
V˜12 = V˜21 =
1
q
e−
q2
2 e−qd (3)
Next we define the Hilbert Space. For simplicity, we
use electron operator cm for layer 1 and hole operator fn
for layer 2. Here m,n = 1, 2, ..., NΦ is the index for the
Landau orbitals. Any state in the Hilbert space can be
written as:
Ψ =
∑
g(m1, ...,mN ;n1, ..., nN )c
†
m1f
†
n1 ...c
†
mN f
†
mN |0˜〉
=
∑
g(m1, ...,mN ;n1, ..., nN )n1,...,nN b
†
m1n1 ...b
†
mNnN |0˜〉
(4)
where the vacuum |0˜〉 is defined as the Integer Quan-
tum Hall Insulating state with all Landau levels filled for
layer 2. We write b†mn = c†mf†n. g(m1, ...,mN ;n1, ..., nN )
is a symmetric function under interchange of mi,mj or
ni, nj . m1,...,mN is the antisymmetric tensor to enforce
the correct commutation relations for fermions. bmn is
therefore a boson formed as a bound state of an electron
of layer 1 and a hole of layer 2.
In first quantization language, from Ψ in the above
equation we can construct a wavefunctions for elec-
trons zi in layer 1 and holes w¯N+i in layer 2 as
Ψb(z1, w¯N+1; ...; zN ; w¯2N ). We can then obtain a wave-
function of electrons for both layers through the following
projection:
Ψ(z1, ..., zN ;w1, ..., wN ) =∫
dwN+1...dw2NΨ
∗
IQHE(w1, ..., w2N )Ψb(z1, w¯N+1; ...; zN ; w¯2N )
(5)
where z is coordinate for first layer and w for second layer.
ΨIQHE is the wavefunction for the fully filled state:
ΨIQHE(w1, ..., w2N ) =
∏
j>i
(wj − wi) (6)
Therefore any state in the Hilbert space can be mapped
from Ψb, which is constructed from bosonic operator
bminj . n1,...,nN tensor in Eq. 4 or equivalently the pro-
jection in Eq. 5 provide the constraint that the funda-
mental degree of freedom is fermionic. Generally such
3a constraint is hard to enforce in analytical calculation.
However, at the small distance limit, fermionic degree
of freedom is gapped and the low energy theory should
be just a theory of bosonic excitons. Therefore we can
make an approximation to ignore the n1,...,nN constraint
in Eq. 4 and write down effective theories for bosonic
operators bmn. Such an approximation should be valid
as long as the gap to break this bosonic bound state is
finite, which is true for the exciton condensation phase
and the paired exciton condensation phase we propose.
In the following we are going to derive an effective
Hamiltonian for these bosonic excitons with operator
bmn. First, we can replace the Landau index m,n with a
well-defined center-of-mass momentum k. Each state b†k
creates the following wave-function for one single exciton:
〈z, w¯|k〉 = τk(z, w¯)
=
1
2pi
e−
1
4 |z|2− 14 |w|2+ 12 zw¯e
i
2 (k¯z+kw¯)e−
1
4 |k|2
=
1
2pi
e−
1
4 |r−∧k|2eik·Re−
i
2 r∧R (7)
where ∧k = zˆ × k, R = z+w2 and r = z −w. It can be
proven21,22 that (see Appendix. A):∑
mn
|mn〉 〈mn| =
∑
k
|k〉 〈k| (8)
One can see that each b†k creates a bosonic exciton
with center of mass momentum k. Besides, the exciton
has an internal dipole moment P = ∧k. This dipole
moment gives the kinetic term for excitons because of
the inter-layer attractive Coulomb interaction between
electron and hole.
HK =
∑
k
ξkb
†
kbk (9)
with
ξk = − 1
2pi
∫
d2r
1√
r2 + d2
e−|r−∧k|
2
= − 1
2pi
∫
drdθ
r√
r2 + d2
e−(r
2+k2−2kr cos θ)
= −
∫
drBesselI[0, 2kr]
r√
r2 + d2
e−(r
2+k2)
(10)
where − 12pi 1√r2+d2 is the attractive Coulomb interaction
between a electron at layer 1 and a hole with layer 2 with
distance r in xy plane.
We simulated the above equation numerically. At the
k < 1 limit, we find ξ(k) = k
2
2m + ξ(0) with m ≈ 1.135 +
6.187d2.
Density-density interaction terms are introduced by
HV =
1
2
∑
a,b=1,2
1
(2pi)2
∫
d2qVab(q)ρa(q)ρb(−q) (11)
with
ρ1(q) =
∑
k
b†k−qbke
i
2k∧q (12)
and
ρ2(q) =
∑
k
b†k−qbke
− i2k∧q (13)
where k ∧ q denotes the cross product. We can eas-
ily check that the following Girvin-Macdonald-Platzman
(GMP) algebras are satisfied:
[ρ1(q1), ρ1(q2)] = 2i sin
q1 × q2
2
ρ1(q1 + q2)
[ρ2(q1), ρ2(q2)] = −2i sin q1 × q2
2
ρ2(q1 + q2) (14)
Following some simple algebra, the four-particles in-
teraction for b is
HV =
∫
dk21
(2pi)2
dk22
(2pi)2
dq2
(2pi)2
b†k1−qbk1b
†
k2+q
bk2
1
q
e−
q2
2(
cos
(
(k1 − k2) ∧ q
2
)
− e−qd cos
(
(k1 + k2) ∧ q
2
))
(15)
H = HK + HV with HK in Eq. 9 and HV in Eq. 15
form the effective Hamiltonian for the exciton bosons.
III. BOGOLIUBOV MEAN FILED THEORY
FOR EXCITON CONDENSATION PHASE
At the d << 1 limit, one has a smaller mass m and
the interaction is almost cancelled. Therefore we expect
that bosons condense to the k = 0 state which results in
〈b〉 6= 0.
Let us now give a mean field theory calculation of this
exciton condensation phase, following the standard Bo-
goliubov theory for the weakly interacting bosons. We
assume 〈b〉 = Φ = √n0. Because of the interaction,
n0
n is finite but generically not equal to 1. n0 can be
decided from the following self consistent equation(see
Appendix. B):
n− n0 = 1
2V
∑
q6=0
ξq + ∆q − Eq
Eq
(16)
where ∆q = 2n0V+(q) with V+(q) = e
− |q|
2
2
|q| (1 − e−|q|d).
We can solve Eq. 16 self consistently and get the conden-
sation percentage n0n .
As shown in Fig. 1, for d > dc1, with dc1 ≈ 0.95, there
is no longer any solution with single-boson condensation.
One possibility is that the gap for fermionic excitation
is closed and the above effective theory is not valid any-
more. However, numerical result in Ref.17 suggests that
4FIG. 1. Self-consistent solutions for the single-exciton con-
densate fraction n0
n
as a function of interlayer distance d (in
units of `B). No solution of the single-boson condensate can
be found for d > dc1 ≈ 0.95`B . We expect the phase entered
at dc1 is a paired superfluid of the bosonic excitons. Note that
this dc1 ≈ 0.95`B is close to the numerical value dc1 ≈ 1.1`B
of Ref. 17. The phase transition can be a continuous Ising
transition, though it is difficult to describe it with a simple
mean field theory.
phase stiffness for exciton condensation is finite as long
as d < 1.8`B . Therefore we expect that low energy is
still dominated by bosonic excitons. In this paper we as-
sume this is true and then give a discussion about the
possibility after d > dc1.
Impossibility to find a solution for Eq. 16 means that
chemical potential can not be set to be zero anymore.
A non zero chemical potential µ 6= 0 needs to be added
and opens a gap for the single boson excitation. At dc1,
n0
n ≈ 0.45 means that there is still finite superfluid phase
stiffness ρs. At d > dc1, we expect a finite region where
phase stiffness still remains finite while single boson is
gapped. This naturally leads to the proposed paired-
superfluid phase.
To describe a paired superfluid, one should add a
non-zero chemical potential µ. Then we need to decou-
ple the original four boson interaction to A(k)b†kbk and
B(k)bkb−k. The self consistent euqations for µ, A(k) and
B(k) are described in the Appendix. B. The solution is
hard to obtain, though we expect the existence of a so-
lution when d is only slightly larger than dc1 ≈ 0.95`B .
In the following we will assume such a paired exciton
condensation phase and discuss its topological properties
based on composite bosons from flux attachment.
IV. CHERN SIMONS THEORY FOR PAIRED
EXCITON CONDENSATION PHASE
We derive the Chern Simons theory for the paired ex-
citon condensation phase here. By attaching the same
flux to each original fermion for both layers, we can have
an effective theory in terms of composite bosons23:
S =
∑
σ
∫
d3xb†σ
(∂µ − a˜µ −Aaµ)2
2m
bσ
+
1
4pi
∫
d3xa˜da˜+
∫
d3xd3yρ(x)V (x− y)ρ(y) (17)
where pseudospin σ = 1, 2 is the layer index. The total
flux da˜2pi = −(ρb1 + ρb2) can fully cancel the background
magnetic field.
When d is small, composite boson condense: 〈b1〉 6= 0
and 〈b2〉 6= 0. The following Effective theory can be gen-
erated using standard boson-vortex duality in 2+1d24,25:
L =
1
4pi
a˜da˜+
(a˜+A1)da1
2pi
+
(a˜+A2)da2
2pi
(18)
Integrating a˜, we have
L = − (a1 + a2)d(a1 + a2)
4pi
+
A1da1
2pi
+
A2da2
2pi
(19)
which gives the well-known K matrix theory for exciton
condensation phase26.
At intermediate distance d > dc, to describe the paired
exciton condensation phase, we consider the case that
single composite boson is gapped while a pair of com-
posite bosons condenses: 〈b1b1〉 6= 0 and 〈b2b2〉 6= 0. We
will show the properties of this phase match those of the
paired exciton condensation phase.
Similar to the single composite boson condensation,
the effective theory from boson-vortex duality of the two
pairings is
L =
1
4pi
a˜da˜+
2(a˜+A1)da1
2pi
+
2(a˜+A2)da2
2pi
(20)
After integrating a˜, we get
L = −4(a1 + a2)d(a1 + a2)
4pi
+
2A1da1
2pi
+
2A2da2
2pi
(21)
This corresponds to K Matrix K =
(
4 4
4 4
)
27. In this
convention, excitations are labeled as (l1, l2) with charge
li under ai, i = 1, 2. The elementary excitation is (1, 0)
and (0, 1).
For simplicity, we rewrite the Lagrangian in terms of
aµc =
aµ1 +a
µ
2
2 and as =
aµ1−aµ2
2 , A
µ
c =
Aµ1 +A
µ
2
2 and As =
Aµ1−Aµ2
2 . The convention of A
c and As is chosen to make
their charges qc = q1 + q2 and qs = q1 − q2 for charge q1
under A1 and charge q2 under A2. In this convention, we
have:
L = − 16
4pi
acdac +
4
2pi
Acdac +
4
2pi
Asdas (22)
5Elementary excitation is still (l1, l2) = (1, 0), (0, 1),
or (lc, ls) = (1, 1), (1,−1). The corresponding physical
charges are
Qc = 4
dac
2pi
Qs = 4
das
2pi
(23)
Let’s consider pseudo-spin excitation first. Because
there is no Chern-Simons term for as, the pseudo-spin
excitation has gapless modes. the smallest charge un-
der as is ls = 1 and therefore smallest flux of as is
2pi. As a result, smallest gapless spin excitation is
Qs = Q1 − Q2 = 4das2pi = 4. The single exciton corre-
sponds to Qs = 2 and is gapped in this phase. This
result is consistent with a paired exciton condensation
phase and can explain the numerical result in Ref. 17.
lc = 1 will induce charge Qc = 14 . This can be un-
derstood as the 2pi vortex of < b1b1 > and therefore a
pi vortex of b1, or b2, which is a half meron. Therefore,
in this phase (l1, l2) = (1, 0), (0, 1) actually correspond
to half meron and half anti-meron spin texture. With
the Chern-Simons theory, it is also easy to get the self
statistics of this half-Meron particle to be θs = pi16
27.
All of the above properties are consistent with the
paired exciton condensation phase, for which Qs = 2
is gapped while there are Qs = 4 gapless spin wave ex-
citations. Qc = 14 of half-meron is easily understood
following Laughlin’s argument.
At dc1, the transition between the exciton condensa-
tion phase and the paired exciton condensation phase
can be described by the superfluid to paired suplerfluid
transition of composite bosons.
V. CHARGE-4e PAIRING OF DUAL
COMPOSITE FERMIONS
In the previous section we described the paired exciton
condensation phase from the view of a composite boson
theory; here we explore a description in terms of dual
variables. The bilayer system can be viewed as two lay-
ers of half-filled Landau levels. When interlayer distance
d is infinite, the two layers decouple and the system is
known to be described by two composite fermi liquids
(CFLs). In terms of composite fermions, it has been well
established that the single exciton condensation phase
corresponds to a p + ip pairing in the HLR picture (or
s wave pairing in the Dirac picture) of the composite
fermions in triplet Sz = 0 channel15. Then the follow-
ing question arises: Is there a description of the paired
exciton condensation phase starting from two decoupled
CFLs? In the following we will argue that the paired
exciton condensation phase can be described by a topo-
logical charge 4e pairing of composite Fermions.
For simplicity, we first use the Dirac picture of CFLs
T
EC PEC EC
TBKT
TIsing
d
dc1dT1 dT2dc2
FIG. 2. Phase diagram for the clean quantum Hall bilayers
with distance d. We expect a paired exciton condensation
(PEC) phase sandwiched by two phases of single exciton con-
densation (EC). The two EC phases are topologically equiv-
alent. A recent numerical result17 suggested dc1 ≈ 1.1`B but
dc2 is fully unknown. Close to the quantum phase transitions
at dc1 and dc2, we expect a thermal Ising transition from EC
to PEC at TIsing, below the BKT transition at TBKT . The
onset of these thermal Ising transitions is labeled dT1 and
dT2. Note that the temperature axis is not drawn to scale,
and in particular the low-T transition of the large-d EC phase
may render it indistinguishable from compressible CFL phases
upon adding disorder.
following the discussion in Ref. 15:
L =
∑
I=1,2
Ψ¯I(i/∂ + /aI)ΨI +
1
4pi
AIdaI +
1
8pi
AIdAI (24)
where I is the layer index, which can be viewed as a
pseudospin index.
To get an insulating state with gapless pseudospin ex-
citation, we need to Higgs ac = a1+a22 while keeping
as =
a1−a2
2 gapless. This requires inter-layer pairing of
composite fermions. In a charge-2e pairing of composite
fermions, the h/2e vortex of the pairing carries physical
charge 1/2 and corresponds to the meron excitation of
the single exciton condensation phase15. To have a paired
exciton condensation phase, we need a half meron carry-
ing physical charge 14 . Therefore it is necessary to have
a deconfined h/4e vortex under ac, implying a charge 4e
pairing of composite fermions28. To match the self statis-
tics θs = pi16 from the composite boson theory, the charge
4e superconductor needs to be topological. For the single
exciton condensation, the meron also has a fractional self
statistics θs = pi4 , which can be matched by the topolog-
ical 2e pairing of composite fermions in the νkitaev = 2
class of the Kitaev’s 16 fold way classification29. There-
fore we need a theory of a topological charge 4e super-
conductor to fully establish the connection between the
paired exciton condensation phase and the charge 4e pair-
ing of the composite fermions.
Despite the lack of a mean field description for such a
theory, Ref. 30 classifies charge 4e superconductors based
on a pure algebraic theory of topological orders. Inter-
estingly the smallest possible self statistics of the h/4e
vortex is pi16 , which matches the half-meron self statistics
6of the paired-exciton condensate from composite boson
theory. Aside from this fairly formal result, it is hard to
figure out the form of the charge 4e pairing correspond-
ing to this topological class. We leave it to future work to
have a detailed description of this charge 4e pairing. Here
we just quote this result and assume that the composite
fermions are paired in this topological class. Then the
resulting h/4e vortex has the same topological property
as the half-meron excitation in the K matrix description
of the paired exciton condensation phase. Encouraged
by the above agreement, we conjecture that the same
paired exciton condensation phase studied in the previ-
ous section can be equivalently described by a charge 4e
pairing of the Dirac composite fermions. Checking this
conjecture will require a more complete theory of the
topological charge 4e superconductor of Dirac fermions.
The above description is based on the Dirac theory for
the CFLs. Next we show that the K matrix theory in
the previous section can be recovered by a topological
charge 4e pairing of composite fermions in the Haperin-
Lee-Read (HLR) theory31. We start from two decoupled
HLRs32:
L = L[c1, a1] + L[c2, a2]
− 2
4pi
α1dα1 +
1
2pi
(A1 − a1)dα1
− 2
4pi
α2dα2 +
1
2pi
(A2 − a2)dα2 (25)
Then we consider a charge 4e pairing 〈c1c1c2c2〉 6= 0
in the topological class which gives the h/4e vortex self-
statistics θs = pi16
30. According to Ref. 30, this topologi-
cal order is Abelian. Therefore it should be described by
a Chern-Simons theory with K = 16. We use the follow-
ing action for the topological charge 4e superconductor
formed by the composite fermions:
L4eSC =
16
4pi
βsdβs +
2
2pi
(a1 − a2)dβs + 2
2pi
(a1 + a2)dβc
(26)
where βc is dual to the charge 4e pairing. βs is introduced
to impose the topological property. We conjecture that
this charge 4e superconductor has the same spin Hall
effect as the p + ip triplet 2e pairing and introduce the
mutual Chern-Simons term (a1 − a2)dβs. Integrating a1
and a2, we can identify α1 = 2(βc+βs), α2 = 2(βc−βs).
Substituting these two relations into Eq. 25 and Eq. 26,
we have the final theory for the state resulting from the
charge 4e pairing:
L = − 16
4pi
βcdβc +
4
2pi
Acdβc +
4
2pi
Asdβs (27)
which is identical to Eq. 22 from the composite boson
theory.
Although we do not have a mean field description of
the charge 4e superconductor described by Eq. 26, the
agreement with the composite boson theory is a strong
support for its existence. Therefore we believe that the
paired exciton condensation phase from the paired super-
fluid of composite bosons can be equivalently constructed
from the topological charge-4e pairing of the composite
fermions.
Next we discuss the transition between the exciton con-
densation and the paired exciton condensation in the
composite fermion picture. As argued by Ref. 15, at
large distance the instability of two CFLs is an inter-
layer charge 2e pairing which, in the simplest angular
momentum channel, gives the single exciton condensa-
tion phase. If we think of the layer index as a SU(2)
pseudspin, the interlayer pairing is associated with a ~d
vector in the z direction. We can write the charge 2e
pairing as ∆2e = bc ~d with bc = eiθc as a quantum rotor
carrying the charge degree of freedom. One can get a
charge 4e pairing by keeping 〈bc〉 6= 0 while disordering
the spin part: 〈~d〉 = 0. This can be described as an Ising
transition by prolifering ~d→ −~d Ising domain walls.
VI. COMMENTS ON EXPERIMENT
We summarize our theoretical results in Fig. 2 and
discuss possible experimental signatures. The primary
experimental signatures traditionally used to identify the
single exciton condensate in quantum wells6 occur also in
the paired exciton condensate. The paired exciton con-
densate is roughly equivalent to the spontaneous genera-
tion of correlated tunneling in pairs of electrons from one
layer to the other, so it also shows a peak in the interlayer
tunneling conductance dI/dV at zero bias. Similarly for
Hall resistance measurements in a counterflow geometry,
with currents in opposite directions in the two layers, the
current is carried by the condensed exciton pairs, which
again are neutral objects, and thus the counterflow Hall
resistance vanishes for both single and paired exciton con-
densates. Therefore the observation of these signatures
cannot be used to distinguish the two phases.
However scanning the phase diagram should allow for
a determination of the paired exciton phase. When in-
creasing the distance d, we expect a transition from
EC to PEC at dc1. Recall that numerical simulations
for unscreened projected Coulomb interactions suggest
dc1 ≈ 1.1`B17. At d→∞, the two CFLs are unstable to
an inter-layer pairing, which can correspond to the same
EC phase15. As a result, in this scenario there must be
a second critical point dc2 separating the intermediate
PEC and the EC at large d, though its precise value is
not clear. At large d, both the phase stiffness for the ex-
citon condensation and the charge gap should be small.
Therefore under disorder and at finite temperature, the
EC phase may not show up in the experiments at large d,
though signatures may become clearer with better sam-
ples. More experimental data in the intermediate region
is needed to determine the phase boundary.
Finite temperature behavior associated with the BKT
transition can point to the presence of the new PEC
7phase. Close to dc1, there should be a finite tempera-
ture Ising transition separating EC and PEC at TIsing
below the BKT transition at TBKT . This thermal Ising
transition onsets at dT1 < dc1. This point dT1 may be
accessible in future experiments on graphene double lay-
ers. In addition, close to the tri-critical point at dT1,
the exponent of the I − V curve should show behavior
markedly different from the single BKT transition, since
for temperature below TBKT there is a rapid crossover to
critical behavior associated with the lower Ising critical-
ity and thus an expected change in the finite temperature
I − V behavior away from the BKT universality.
Finally let us discuss consequences of consider-
ing the superfluid density or phase stiffness. Both
the EC and PEC phases are described by a bo-
son field: ρsEC(υEC∂ϕEC − As)2 for the EC and
ρsPEC(υPEC∂ϕPEC − 2As)2 for the PEC. Therefore,
ρsEC = ρs in the EC phase and ρ
s
PEC =
1
4ρs in the PEC
phase. Here ρs is the physical phase stiffness correspond-
ing to ρsA2s. At zero T , the transitions at both dc1 and
dc2 should be continuous. Therefore we expect that the
physical phase stiffness ρs is smooth across the critical
point. So the phase stiffness of the bosonic field drops
down after entering the PEC phase from the EC phase.
As a result, TBKT should also drop down because TBKT
is decided mainly by the phase stiffness ρsEC or ρ
s
PEC of
the bosonic field, instead of the ρs. Therefore a quick
decrease of TBKT close to dc1 is expected.
VII. CONCLUSION
In conclusion we propose a new paired exciton phase
(PEC) at intermediate interlayer distance for the bilayer
quantum Hall system with νT = 12 +
1
2 . We show that the
elementary excitation is a half meron with 1/4 charge and
self statistics θs = pi16 . We argue that such a phase can be
understood in a dual language by charge 4e pairing of the
two composite Fermi liquids near the d = ∞ limit. We
suggest experiments to look for a thermal Ising transition
between EC and PEC at TIsing below the BKT transition
close to the first critical point dc1.
The proposed PEC phase also offers a good platform
to study topological charge 4e superconductivity. A real
charge 4e superconductor of electrons is usually thought
to be difficult to realize in solid state systems. Our un-
derstanding of topological charge 4e superconductivity is
quite incomplete due to the lack of the mean field the-
ory, but the intermediate region of quantum Hall bilayers
provides a good opportunity to study topological charge
4e pairing of composite fermions and its transition to a
charge 2e pairing at zero temperature.
The phase diagram we propose is also interesting from
the purely theoretical view. Theoretically we expect that
the transitions between single exciton condensation phase
and the paired exciton condensation at both dc1 and dc2
can be continuous. The first transition at dc1 is described
by a superfluid to paired superfluid transition for compos-
ite bosons, while the second transition at dc2 is described
by a charge 2e pairing to charge 4e pairing transition for
composite fermions. The existence of the two different
descriptions for the same phase transition is a quite non-
trivial demonstration for the duality between compsite
boson and composite fermion.
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Appendix A: Hilbert Space of Single Exciton
One key point to write down a theory for exciton is the observation that single exciton state is labeled by a two
dimensional momentum k. Single exciton state is just the eigenstate of the Schrodinger equation with two oposite
charges in the same magnetic field:(
1
2m
(−i~∂x1 − eA(x1))2 +
1
2m
(−i~∂x2 + eA(x2))2
)
Ψ(x1,x2) = EΨ(x1,x2) (A1)
where x1 is the coordinate of the electron for layer 1 and x2 is the coordinate of the hole for layer 2.
Because two particles are not interacting, one can easily solve the standard Landau level problem for the electron and
the hole separately. The eigenstate of exciton is then labeled by mn with wavefunction Ψmn(x1,x2) = ϕm(x1)ϕ¯n(x2).
Here ϕm(x1) is the wavefunction for the m th Landau orbital and ϕ¯n(x2) is the wavefunction of the nth Landau
orbital for an opposite charge.
Two Landau orbital index mn makes the Hilbart space of the single exciton complicated. However, there is an
equivalent way to solve the Eigenstates for Eq. A1. One can use the center-of-mass coordinate: R = x1+x22 and
r = x1 − x2. Here R is the coordinate of the exciton and r is the dipole moment. Because exciton is neutral, the
eigenstate can be labeled by well-defined center of mass momentum. By solving the problem in the center-of-mass
coordinate system, we get the eigenfunction for center-of-mass momentum k, which is the τk(z, w¯) in Eq. ??. As
expected the dipole moment is locked to k. Because we just change the coordinate system, Eq. 8 naturally follows.
Therefore we can use k to label the single exciton state, which is used to write down an effective theory for excitons in
this paper. This wavefunction τk(z, w¯) was actually proposed before By Pasquier-Haldane21 and N.Read22. In these
previous papers the opposite charge is an auxiliary particle which is not physical and essentially the physical Hilbert
space is enlarged. In contrast, in this paper both particles are physical and we are trying to restrict to the Hilbert
space of exciton.
Appendix B: Self Consistent Bogoliubov Mean Field Theory
We derive the self consistent equations for both superfluid and paired superfluid phase for the bosonic excitons
following the standard Bogoliubov theory.
1. Single Exciton Condensation
We do the standard Bogoliubov mean field theory to describe the phase with the single exciton condensed.
HM = HC +H0 +HV (B1)
9where HC is a constant energy term for condensation:
HC = V+(0)
(
Φ4 + 2Φ2
∑
q 6=0(b
†
qbq)
V 2
)
∼ V+(0)n2 (B2)
where n = NV and Φ = 〈b〉. From mean field decoupling of interaction term in Eq. 15 we get:
V+(q) =
e−
|q|2
2
|q| (1− e
−|q|d) (B3)
which implies that
V+(0) = d (B4)
H0 is the b†b term:
H0 =
∑
q 6=0
(ξ(q) + 2n0V+(q))b
†
qbq (B5)
where n0 = Φ2 and ξ(q) =
|q|2
2m .
We also have a bb term
HV =
∑
q6=0
n0V+(q)(b
†
qb
†
−q + bqb−q) (B6)
We can diagonalize the Hamiltonian using
αq = µqbq + υqb
†
−q (B7)
with
µ2q =
1
2
(
ξq + 2n0V+(q)
Eq
+ 1
)
υ2q =
1
2
(
ξq + 2n0V+(q)
Eq
− 1
)
(B8)
where ξq =
|q|2
2m and Eq =
√
(q + 2n0V+(q))2 − (2n0V+(q))2.
From the condition n0 = n−
∑
q6=0〈b†qbq〉 we get the self consistent equation in Eq. 16.
2. Paired Exciton Condensation
For paired superfluid phase of the bosonic excitons, we need to add a non-zero chemical potential µ. We decouple
the four boson interaction in Eq. 15 to
HM =
∑
k
(ξ(k) +A(k)− µ)b†kbk + (B(k)bkb−k + h.c.) (B9)
with self consistent equations:
A(k) =
1
V
∑
q
1
q
e−
q2
2
(
1− e−qd cos(k ∧ q)) 〈b†k+qbk+q〉 (B10)
B(k) =
1
V
∑
q
1
q
e−
q2
2
(
cos(k ∧ q)− e−qd) 〈b†k+qb†−(k+q)〉 (B11)
and
n =
1
V
∑
k
〈b†kbk〉 (B12)
